Abstract. Hirota bilinear method is proposed to directly construct periodic wave solutions in terms of Riemann theta functions for nonlinear equations. The asymptotic property of periodic waves are analyzed in detail. It is shown that well-known soliton solutions can be reduced from the periodic wave solutions.
Introduction
The investigation of the exact solutions of nonlinear equations plays an important role in the study of nonlinear physical phenomena. For example, the wave phenomena observed in fluid dynamics, plasma and elastic media are often modelled by the bell shaped sech solutions and the kink shaped tanh traveling wave solutions. The exact solution, if available, of those nonlinear equations facilitates the verification of numerical solvers and aids in the stability analysis of solutions. In the past decades, there has been significant progression in the development of these methods such as inverse scattering method [1, 2] , Darboux transformation [3] [4] [5] [6] , Hirota bilinear method [7] [8] [9] [10] [11] [12] , algebro-geometric method [13] [14] [15] [16] [17] [18] and others. Among them, the algebro-geometric method is an analogue of inverse scattering transformation, which was first developed [19] [20] [21] [22] [23] [24] . However, this method usually is applied in the integrable nonlinear evolution equations admitting Lax pairs representation and involves complicated algebraic geometry theory. These have been used far less than their soliton counterparts. The main reason for this is that they are far more complicated. Soliton solutions are typically expressed in terms of rational or hyperbolic functions, whereas qusi-periodic solutions require the use of Riemann theta functions and calculus on Riemann surfaces. Recently, Deconinck, Hoeij et al proposed an algorithm to compute the Riemann theta function and Riemann constants [25, 26] .
It is well known that the bilinear derivative method developed by Hirota is a powerful and direct approach to construct exact solution of nonlinear equations [7] [8] [9] . Once a nonlinear equation is written in bilinear forms by a dependent variable transformation, then multi-soliton solutions and rational solutions can be obtained.
In recent years, Hirota method also has been developed for obtaining Wronskian and Pfaffian forms of N-soliton solution [10, 11] . In this paper, we propose Hirota method for directly constructing periodic wave solutions in Riemann theta functions. It is shown that the periodic solutions can be reduced to classical soliton solutions under a certain limit. The appeal and success of this method lies in the fact we circumvent complicated algebro-geometric theory to directly get explicit periodic wave solutions.
Moreover, all parameters appearing in the solutions are free variables, whereas usual quasi-periodic solutions involve Riemann constants which are difficult to be determined and need to make complicated Abel transformation on Riemann surface [13] [14] [15] [16] [17] [18] . As illustrative examples, we then consider KdV equation and KP equation in this paper.
Other many equations also can be dealt with this way.
Periodic wave solutions of KdV equation and their reduction
Consider KdV equation
Substituting transformation
into Eq.(2.1) and integrating once again, we then get the following bilinear form
where c = c(t) is a integration constant and u 0 is a constant solution of KdV equation.
The Hirota bilinear differential operator is defined by
The D-operator have good property when acting on exponential functions
where ξ j = k j x + ω j t, j = 1, 2. More general, we have
We consider Riemann theta function solution of KdV equation
where
, τ is a symmetric matrix and Imτ > 0,
Consider the case when N = 1, then (2.5) becomes
Noticing that
In this way, we may let
then (2.7) and (2.8) can be written as
Solving this system, we get
Finally we get periodic wave solution
where f and ω are given by (2.6) and (2.9) respectively. From fig.1-fig.3 , we see that the parameter τ does affect the period and shape of wave, but parameter k has effect on the period and shape of wave.
The well-known soliton solution of KdV equation can be obtained as limit of the periodic solution (2.10). For this purpose, we write f as
where α = e iπτ .
Setting So the periodic solution (2.10) convergence to well-known soliton solution
We only need to prove that In fact, it is easy to see that
which lead to
Therefore we have
which implies (2.11).
Now we consider two-periodic wave solution of KdV equation (N = 2). Substituting (2.5) into (2.3), we have
It is easy to calculate that
which implies that ifḠ
then we have
from which we obtain 12) where ∆ = |A| and ∆ 1 , ∆ 2 , ∆ 3 are produced from ∆ by replacing its 1th, 2th, 3th column with b respectively. Finally we get two-periodic wave solution (See fig.2 )
where f and ω 1 , ω 2 are given by (2.5) and (2.12) respectively. The properties of the solution are shown in fig.4-fig.7 . Fig.4 and fig.5 shown effect of parameters k 1 , k 2 on period and shape of wave. Fig.7 gives effect of parameter τ 11 , τ 12 , τ 22 on period and shape of wave. The fig.7 and fig.8 show that two-periodic wave can degenerate to one-periodic wave when k 1 is sufficient small. where
Periodic wave solutions of KP equation and their reduction
Consider KP equation Substituting transformation
into (3.1) and integrating once again, we then get the following bilinear form where n = (n 1 , · · · , n N ), ξ = (ξ 1 , · · · , ξ N ), τ is a symmetric matrix and Imτ > 0,
In the following, we consider some special cases. When N = 1, (3.4) is reduced to
which implies that ifḠ(0) =Ḡ(1) = 0, then
then (3.6) and (3.7) can be written as
Finally we get periodic wave solution of KP equation (3.1)
where f and ω are given by (3.4) and (3.8) respectively. From fig.9-fig.11 , we see that the parameter τ does affect the period and shape of wave, but parameter k has effect on the period and shape of wave.
The well-known soliton solution of the KP equation can be obtained as limit of the periodic solution (3.9) . To this end, we write f as
Then the periodic solution (3.9) convergence to well-known soliton solution We only need to prove that
In fact, it is easy to see that Therefore we have
which lead to (3.11). Now we consider two-periodic wave solution of the KP equation (N = 2). Let
which implies that ifḠ 
δ j (n) = e πi<τ (n−m j ),n−m j >+πi<τ n,n> , j = 1, 2, 3, 4
from which we obtain
where ∆ = |A| and ∆ j are produced from ∆ by replacing its jth column with b
respectively. Therefore, we arrive at two-periodic wave solution
where f and ω 1 , ω 2 are given by (3.4) and (3.13) respectively. The properties of the solution are shown in fig.12-fig.16 . Fig.12 and fig.13 shown effect of parameters k 1 , k 2 on period and shape of wave. Fig.14 gives effect of parameter τ 11 , τ 12 , τ 22 on period and shape of wave. The fig.15 and fig.16 show that two-periodic wave can degenerate to one-periodic wave when k 1 is sufficient small. 
